In the paper, we deal with the so-called mild bounded ancient solutions to the 2D Navier-Stokes equations in half-space with the homogeneous Dirichlet boundary conditions. As it has been explained in [4] , [5] , and [6], such type of solutions appears as a result of re-scaling solutions to the Navier-Stokes equations around a possible singular point. If they are in a sense "trivial", then this point is not singular.
Motivation
In the paper, we deal with the so-called mild bounded ancient solutions to the 2D Navier-Stokes equations in half-space with the homogeneous Dirichlet boundary conditions. As it has been explained in [4] , [5] , and [6] , such type of solutions appears as a result of re-scaling solutions to the Navier-Stokes equations around a possible singular point. If they are in a sense "trivial", then this point is not singular.
There are several interesting cases for which Liouville type theorems for ancient solutions to the Navier-Stokes equations turn out to be true. And their proofs are based on a reduction to a scalar equation with the further application of the strong maximum principle to it. For example, in 2D case, such a scalar equations is just the 2D vorticity equation. Unfortunately, this approach does not work in a half plane since non-slip boundary conditions in terms of the velocity does not implies the homogeneous Dirchlet boundary condition for the vorticity. However, there are some interesting results coming out from this approach, see paper [1] and reference in it.
In the paper, we exploit a different approach related to the long time behaviour of solutions to a conjugate system. It has been already used in the proof of the Liouville type theorem for the Stokes system in half-space, see the paper [3] and the paper [2] for another approach.
Let u be a mild bounded ancient solution to the Navier-Stokes equations in a half space, i.e., u ∈ L ∞ (Q
2 : x 2 > 0}) and there exists a scalar function p such that, for any t < 0, p = p 1 + p 2 , where
,2 = 0 and p 2 (·, t) is a harmonic function in R 2 + whose gradient obeys the inequality
for (x, t) ∈ Q + − and has the property sup
as x 2 → ∞; u and p satisfy the classical Navier-Stokes system and boundary condition u(x 1 , 0, t) = 0 in the following weak sense [6] .
Proof For fixed A < 0, we can construct u as a solution to the initial boundary value problem
with the help of the Green function G and the kernel K introduced by Solonnikov in [7] , i.e.,
For the further details, we refer the reader to the paper [6] . Let us describe the properties of u. Our first observation is that
The last fact has been proven in [6] .
. By the properties of the kernels G and K, such a solution u is bounded and satisfies the energy identity
for all A ≤ t ≤ 0. In addition, we can state that for any δ > 0,
This follows from the facts that u is continuous on the completion of the set Q + (R) for any R > 0, see details in [6] , and
). The latter property allows us to show that v satisfies that the identity
If we extend v by zero for t < A, this field will be bounded ancient solution to the Stokes system and therefore has the form v = (v 1 (x 2 , t), 0), see [2] and [3] . The gradient of the corresponding pressure p 2 − p 2 depends only on t. However, by (1.3) and by (1.8), this gradient must be zero. And the Liouville theorem for the heat equation in the half-space implies that v = 0. Now, since u = u, the energy identity implies
for any A < 0. This completes the proof of the lemma. ✷ Remark 1.4. In fact, we have proven that
Given a tensor-valued function F ∈ C ∞ 0 (Q + − ), let us consider the following initial boundary value problem:
for any x 1 ∈ R and t ≤ 0, and
Here, vector-valued field v and scalar function q are unknown. Why we consider this system? At least formally, we have the following identity
This would imply that u is the function of t only and thus, since u is a mild bounded ancient solution, u must be identically zero.
Properties of Solutions to Dual Problem
Proposition 2.1. There exists a unique solution v to (1.9), (1.10) , and (1.11) with the following properties:
and, for all T < 0,
Proof First of all, there exists a unique energy solution. This follows from the identity
and from the inequality
So, we can state that
The latter means that u · ∇v ∈ L 2 (Q + − ). So, statements of Proposition 2.1 follows from the theory for Stokes system.
✷ 3 Main Formula, Integration by Parts
For smooth function ψ ∈ C ∞ 0 (R 2 × R), we have
We pick ψ(x, t) = χ(t)ϕ(x). Using simple arguments and smoothness of u and v, we can get rid of χ and have
Fix a cut-off function ϕ(x) = ξ(x/R), where ξ ∈ C ∞ 0 (R 3 ) with the following properties: 0 ≤ ξ ≤ 1, ξ(x) = 1 if |x| ≤ 1, and ξ(x) = 0 if |x| ≥ 2. Our aim is to show that
We start with
The third term is estimated as follows (by boundedness of u):
The first term containing the pressure is estimated as follows. We have
where
. By the assumptions, after even extension, the function p 1 belongs to L ∞ (−∞, 0; BMO) and thus
So, by Lemma 1.3 and by the Lebesgue theorem about dominated convergence,
The last term is treated with the help of Poincaré inequality in the same way as p 2 R . Indeed,
The right hand side of the latter inequality tends to zero as R → ∞ by the assumption that u ∈ L 2,∞ (Q + − ). So, finally, we have 
